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Introduction

T HE linearized unsteady potential equation in the transonic
range as proposed by Landahl1 is consistent because it pro-

vides the realistic limit to the wave equation usually adopted in
linearized unsteady subsonic and supersonic � ow over lifting sur-
faces. In fact, acoustical theory introduces oscillations that are not
in accordance with physical reality for � ows around Mach num-
ber one.

The present investigation proposes a numerical method to solve
the transonic unsteady linearized equation that allows the accurate
analysis of swept thin wings in harmonic oscillatory motion. Early
attempts to solve this problem in a satisfactory general way were
made by Runyan and Woolston,2 who extended the subsonic ker-
nel functionmethod based on the accelerationpotential formulation
to the Mach one limit. However, this depends on suitable loading
functions. A complete numerical scheme is provided by the sonic
box scheme from Rodemich and Andrew3 that incorporatesdiscrete
rectangularpanels of constantdoublet density of velocitypotential.
If swept wings are to be calculated, a discretization based on rect-
angular small boxes brings out convergence concerns. The slow
convergencerate as a functionof the number of boxes over the wing
andspuriousdisturbancesof solutions,as reportedin Ref. 4, for delta
and cropped-delta wings, can be caused by the crude approxima-
tions of the wing planform by the box arrays. This is especially true
along swept edges and tips or complicated modes of deformation
such as might be required for � utter analysis.

The new proposed method of solution presented here is based on
results from Ref. 5, where an analytical expression is derived for
the rectangularbox downwash. This techniqueallows the obtaining
of an expression applicable for quadrilateral boxes with only two
paralleledgesin the chordwisedirection,which � ts exactlyall swept
edges and allows suitable discretizationof realistic wings.

Integral Equation
The integral equation to be solved has been already discussed in

Ref. 5 and relates the potential jump amplitude ±Á across the lifting
surface at a point (x0 , y0 ) and the downwash amplitudew at a point
(x; y), that is,
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The con� guration is planar and placed in an uniform sonic free-
stream of unitary velocity. The oscillation proceeds at a reduced
frequency k, based on the the root semichord of the wing.

The integration of Eq. (1), which represents a doublet distribu-
tion of density ±Á inducing a normal velocity on the downwash
point .x; y/, must be performed over an area of the wing, which
is ahead of .x; y/. It is also important to keep in mind that along
y0 the interpretation of the integral sign is usual, but along x0 the
interpretation is according to the � nite-part sense.

The boundary condition for wings with sonic trailing edge is
written as
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where h.x; y/ represents the wing surface nondimensional verti-
cal displacement. For further details concerning the mathematical
model, the reader is referred to Ref. 5.

Numerical Method
Solutions of integralEq. (1) for wings with sonic trailingedge are

obtained by discretizationof the planform through the use of small
quadrilateral elements. Over each panel uniform density doublets
are distributed from the swept leading edge of the panel down to
the trailing edge of the wing. This type of discretization is similar
to that employed in the classical vortex lattice method. A general
viewof the discretizedwing and elementalpanelwith superimposed
uniform density doublets representedby dashed lines is also shown
in Fig. 1a.

Fig. 1a Wing discretization and elemental panel.

Fig. 1b Local panel reference frame for analytical and numerical in-
tegrations on rectangular domain.
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The in� uence coef� cients are obtained, for points x p midway
between leading and trailing edges of the panel, from the expression
already deduced in Ref. 5 for the rectangular panel whose leading
edge spans from A to B (Fig. 1b) and reads
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for x p > 0 and zero otherwise. In the spanwise direction yp is also
midway along the panel span.

The � nal formula for the in� uence coef� cients of the panel with
sweep leading edge is obtained from the expression in Eq. (3) mi-
nus the normal wash induced by the triangular element A, B, C, A.
Because it was not possible to obtain a complete analytical inte-
gration of Eq. (1), for unitary ±Á a numerical double integration is
performed.The numericalschemeof integrationemployedis equiv-
alent to a Gauss–Legendre numerical quadrature with nine points
spread over the rectangle de� ned as in Fig. 1b; the remainder is of
order max fs6, (a:s)6g as can be deduced from Ref. 6.

To assess the numerical convergence characteristics of the pro-
posed numerical integration, consider the triangular domain A, B,
C, A and unitary ±Á. After integrating Eq. (1) in y0 , one obtains
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and a is the tangent of the leading-edge sweep angle of the panel
considered.

If xp is greaterthan a:s, Eq. (4) admits a regularintegrand,and the
numerical integration of Eq. (1) for the purpose of determining the
in� uence coef� cients is straighforward.For the limiting case when
x p equala:s, if we assume that k has a small negativeimaginarypart
Eq. (4) becomesalso regularbecausethen the integrandgoes to zero
as x0 tends to xp . For k strictly real Eq. (4) is not integrable, neither
its integral de� ned in the � nite-part sense. From the point of view
of the numerical quadrature just discussed, disregarding the point
closer to C (see Fig. 1b) is equivalent to assuming that k has a small
negative part. The same procedure is also applicable for a point x 0

p
between A and B in the streamwise direction (see again Fig. 1b)
where for this case one must take B0 and C0 instead of B and C.

Results and Discussion
Numerical calculation for a triangular wing of aspect ratio 1.5

is performed, and the results are compared with earlier publica-
tions by Landahl,1 Rodemich and Andrew,3 and Davies.7 Landahl
and Davies worked anlytically,whereas Rodemich and Andrew em-
ployed rectangularpanels in their numerical procedure.

Figure 2 shows unsteadyresults for the triangularwing in heaving
motion. Lift coef� cient amplitudeper reduced frequencyand phase
angle compare fairly well with the third-ordersolutionof Landahl.1

The vertical scales of Fig. 2 have been expanded in the portion of
interest. All analytical approaches, just like the present calculation,
tend to the correct value for the zero reduced frequencyas predicted
by the slender wing theory. Davies results compare faily well with
Landahl’s because both � nal formulas come from the same mathe-
matical model. Their � rst-order terms are equal, and the differences
come from the way they evaluatesecondand third-orderones.1;7 For
the present calculations a grid of 216 panels (24 £ 9 points along
the chord and semispan, respectively) was used for the half-wing.
Results for a grid of 384 panels (32 £ 12 points) are also shown

Lift coef� cient amplitude per reduced frequency

Phase angle

Fig. 2 Triangular wing of aspect ratio 1.5 in heaving motion: reduced
frequency based on wing root chord.

in order to illustrate the convergence behavior of the present pro-
posed numerical method. For both calculations the limit values for
zero reducedfrequencyconvergeto theanalyticalone obtainedfrom
slender body theory (¼=2 ¢ aspect ratio). The differences in results
for both discretizations for all reduced frequencies studied amount
to less than 0.20% of the exact steady � ow value for the worst case.
Because the proposed numerical scheme is a constant velocity po-
tential method, the control points location employed are equivalent
to the 1

4
– 3

4 chord rule as is usual in all vortex lattice method ver-
sions. Observationof Fig. 2 also shows that the results of Rodemich
and Andrew3 are good as far as phase angle is concerned, although
the lift coef� cient amplitude per reduced frequency is consistently
overpredicted.

Conclusions
The present work presents a numerical method to solve the lin-

earized unsteady sonic equation over lifting surfaces by means of a
paneldiscretizationthat � ts exactly thewingplanform.For most part
of the calculations,the overall agreementwith earlier results is very
good. Eventual discrepancies concerning low reduced frequencies
behavior of analytical formulas would deserve better analysis.
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I. Introduction

A LMOST all high-quality wind tunnels use a contraction sec-
tion to accelerate the � ow into the workingsection.Obviously,

the design of the contraction shape is crucial for producing the de-
sired low-turbulence,uniform exit stream. Most present-daydesign
rules are based on theoretical and computational studies that con-
sider inviscid irrotational � ow, and perhaps the best known of these
is the study of Morel.1 Morel analyzedcontractionswith an axisym-
metric geometry and produced a series of design charts, giving the
designer a tool for optimizing contraction length, contraction ratio,
and curve shape based on the criteria of the possibilityof separation
in the contraction, along with the exit � ow nonuniformity. It was
concluded that the best contraction shapes were curves consisting
of two matchedcubic arcswhose match point is a varyingparameter.

Although the majority of previous studies have concentrated
on axisymmetric contractions, most wind-tunnel contractions are
not axisymmetric but rather are three dimensional with rectangular
cross-section.In this case an importantparameter is the aspect ratio,
denoted by AR and de� ned as the width/height at a given position
in the contraction. One numerical study that has considered the de-
sign of three-dimensionalcontractionsis that of Su,2 who computed
solutions to the three-dimensionalLaplace equation. Based on the
Morel criteria,1 Su showed2 that three-dimensionalcontractionsex-
hibit poorer qualities, in terms of the possibility of � ow separation
and exit � ow nonuniformity, than axisymmetric contractions with
similar geometric properties (contraction ratio, etc.). The explana-
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tion given is that the presence of corners in the three-dimensional
case produces greater velocity extrema than in the axisymmetric
case. A feature that is present in three-dimensionalcontractionsand
not in axisymmetric ones is the effect of cross� ow in the contrac-
tion. Su showed that the cross� ow is induced due to the transverse
pressure gradient existing in the contraction. This pressure gradi-
ent exists because of greater local velocity extrema at the corners
relative to the centerline velocities on the walls on the planes of
symmetry. A cross� ow parameter was considered that showed the
relative strengths of the cross� ow effect for different contraction
designs.No conjecturewas attempted, however, on the effect of this
cross� ow on the � ow quality at the exit, speci� cally on its effect on
boundary-layer development. Su performed a parametric study by
varying the important design parameters and studying their effect
on the criteria set out by Morel.1

These previous studies, and others,3;4 have focused on the nu-
merical solution to the � ow in the contraction for use as a tool for
predicting the � ow quality at exit. One study, that of Tulapurkara
and Bhalla,5 performed an experimental analysis of the � ow in a
contraction, in an attempt to verify Morel’s predictions.1 No stud-
ies, however, have focusedon the actual � ow in the working section
at the exit of a contraction and the effect of changing the geomet-
ric parameters of the contraction on it. Furthermore, no previous
studies have looked at the role that changing the AR through the
length of the contraction has on the corner boundary layers. In the
absence of any studies, designers have generally relied on rules of
thumb to guide them. One of these is the so-called pyramid rule
(A. E. Perry, private communication, 1997), which states that AR
should be held constant throughout the contraction to minimize the
growth of the corner boundary-layervortices into the working sec-
tion of the wind tunnel. This rule con� icts with the conclusion of
Su2 that changing AR can be advantageouswhen separationcriteria
are considered. However, because Su’s study is based on solutions
to potential � ow, no rational comparison can be made. Maintaining
a constant AR through the length of the contraction can often be
impractical because of space constraints and also becomes a trade-
off between varying other important parameters such as a higher
contraction ratio, for example.

In this Note, we address the issue of changing the AR through
a contraction by keeping inlet AR � xed at 1 and varying exit AR,
while keeping the shape, contraction ratio, and length � xed. In this
way, we can perform a parametric study of changing AR effects
while keeping all other important parameters constant.

II. Experimental Procedure
Four contractionswere constructedand were � tted to an existing

wind-tunnelfacility,each with � xedvaluesfor thevariousgeometric
parameters, with the exception of exit AR. The values of the � xed
parameters are given in Table 1. As indicated in Table 1, the length
of the contraction is denoted as L , Ai and A are the cross-sectional
areas of the inlet and exit of the contraction respectively, and Di

and D are the inlet and exit effective diameters, respectively,where
D D .4A=¼/1=2 . The shape of the contraction surfaces are matched
cubic arcs (following Morel1 and Su2 ), where xm is the distance
from the beginning of the contraction to the match point of the
cubic curves. The exit AR variation is given in Table 2.

Full details of the design and constructionof the contractionsare
given by Callan.6 In all cases, a short working section was attached
to the exit of the contraction.Streamwise velocityand turbulencein-
tensity measurementswere made with a single componenthot wire,
one effectiveexit diameter downstreamof the contractionexit. Data
were gatheredacross the plane with the wires oriented both parallel

Table 1 Fixed parameters in study

Parameter Value

Inlet area Ai , mm2 600£ 600
Contraction ratio Ai =A 8.72
Contraction length/inlet effective diameter L=Di 1.0
Contraction length L , mm 685
Cubic match point xm =L 0.6
Exit Reynolds number Re D Ue D=º 4:8 £ 105


